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INTRODUCTION
Athletes taking off for a high or long jump set a foot down on the ground well in front of the body with the leg almost straight. The knee flexes and then extends, before the foot leaves the ground for the jump. These movements have been discussed in many papers, for example, Hay (1986) and Dapena & Chung (1988) , but there seems to be no theory of optimum take-off technique. High jumpers enter the final step of their run up with their centre of mass lower than long jumpers so that the leg makes a smaller angle with the horizontal when the foot is first set down. It seems obvious that they should do this, to throw the body more steeply into the air, but there is no theory to predict the optimum angle at which the leg should be set down. High jumpers enter the final step at much lower speeds than long jumpers: for world-class male athletes the speeds are about 7 m s-1 for the high jump and over 10 m s-1 (close to peak sprinting speeds) for the long jump. It is not obvious whether high jumpers have to run more slowly to maintain adequate control of take-off, or whether the lower speed gives some other advantage. My aim in this paper is to identify the principles that govern optimum speed and leg angle, for the take-off both of high jumping and of long jumping. I use a simple model that considers the properties of the leg muscles.
THE MODEL
The model (figure 1 a) resembles an earlier model of standing jumps . It is very simple (much simpler, for example than the model proposed by Hatze (1983) ), but will be shown in later sections to predict realistic force patterns and jump performance. It has a rigid trunk, and a leg formed from two rigid segments each of length a. The mass m is concentrated in the trunk and the centre of mass is at the hip joint.
(The centre of mass of a man or woman, standing erect with the arms by the sides, is about 5 cm above the centres of the hip joints (Dyson 1973) .)
The 
I assume that the knee extensor muscles are fully activated throughout the time that the foot is on the ground. Aura & Viitasalo (1989) found that electrical activity in the quadriceps (and gastrocnemius) muscles of high jumpers reached a high level 40 ms before the foot was set down for the take-off step and rose only a little further while the foot was on the ground. Kyrolainen et al. (1989) made similar observations for a long jumper, but found that high levels of activity were attained 60 ms before the foot was set down.
It seems convenient to write equations that involve torques and joint angles, rather than muscle forces and lengths ( 
Here Tmax is the maximum torque exerted by the muscles in eccentric activity (i.e. when they are being stretched forcibly), q ,max is the angular velocity of the knee corresponding to the muscle's unloaded rate of shortening, and G is a constant. Equation (5a) seems justified by experiments on isolated frog leg muscles that exerted 1.4 to 1.8 times their isometric forces while being stretched at all but the lowest rates (Woledge et al. 1985) . Equation ( 
where g is the gravitational acceleration. The foot leaves the ground when the torque (given by equation 
Aerodynamic drag has been ignored in the above equations because a rough calculation using the data of Ward-Smith (1986) shows that its effect would be small. . 1986 ), or about 5 (ag)2 for a = 0.5 m, so speeds only up to this limit will be investigated.
The muscles are assumed to be maximally active from the instant when the foot hits the ground, but the initial torque Ton depends on the initial state of the series elastic component. If the muscles had been inactive until that instant, the series elastic component would be unstrained and To would be zero. It seems more likely that the muscles develop tension before the foot is set down, but this is likely to be their isometric tension rather than the higher tension that they can exert only in eccentric activity. I have therefore Chung 1988) . The discrepancy must be due at least in part to the model's lack of a foot. The toes of high jumpers remain on the ground for some time after the heel has left it. Also, the force exerted by the model rises unrealistically rapidly to its initial peak because no account is taken of the elastic properties of the foot and shoe. The conclusions come most clearly from the mathematics, but it is possible to explain the underlying principles in words. To obtain the upward momentum required for a jump, an athlete must exert a downward impulse on the ground. The forces that can be exerted are limited by the properties of the leg muscles so the impulse (force integrated over time) depends critically on the duration of foot contact. A fast run-up makes for a large horizontal component of velocity at take-off, but shortens the duration of ground contact and hence restricts the vertical impulse. The horizontal component of velocity at take-off is more important in long jumping than in high jumping, so a faster run-up is desirable in long jumping. Similarly, a shallow initial leg angle makes it possible for the foot to be kept on the ground while the body travels a longer distance, and so to increase the duration of foot contact and the vertical impulse. However, when the angle is shallow, the (desirable) vertical component of ground force is accompanied by an (undesirable) horizontal component, which reduces the horizontal component of the take off velocity. This component of velocity is more important in long jumping than in high jumping, so a long jumper should set down his leg at a steeper angle than a high jumper. It might be thought that a horizontal decelerating impulse delivered early in the take-off phase could be counteracted by an accelerating impulse after the leg has passed the vertical: this happens in each step when a person runs at a steady speed (see Alexander 1984) . However, if it is necessary to activate all the muscle early in the period of ground contact, to obtain the required impulse, it will exert much larger forces (while being stretched) than it can while shortening later in the step. For this reason, the muscles do net negative work during take-off, reducing the total (kinetic plus potential) energy of the body. This is a major difference between high jumping and pole vaulting, in which the potential energy gained is approximately equal to the kinetic energy lost. 
